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going from stagnation pressures of 100 to 200 psia and lower
Mach numbers, and also include data with thicker boundary
layers upstream of the interactions.

To calculate the distribution of the heat-transfer coeffi-
cient, the energy Eq. (1) can be integrated along the wall,
since the heat flux is related to the energy thickness by Eqs.
(2) and (3), to obtain the energy thickness distribution once
the freestream flow variables and wall temperature are speci-
fied (see Ref. 3 for such a calculation upstream, within and
downstream of some of the interactions presented herein).

Attention is now focused on the interpretation of the pre-
diction when it is applied to other experimental data at shock
impingement locations where there .appears to be similarity
between the measured heat-transfer and pressure changes.
For example, Sayano1 has given the empirical relation (h^/hi)
— (Pz/Pi)0'8 from his results and, more recently Markarian,10

in reviewing some measurements, suggested a slightly stronger
empirical power law dependence with the exponent 0.85. It
is useful here to recast Eq. (4) in terms of a pressure change.
For isentropic flow, the variation of the mass flux and group
from Eq. (4) with pressure ratio is shown in Fig. 3 in non-
dimensional form. Although over the large Mach number
range shown (1-10) there is no particular power law fit, the
values agree reasonably well in the supersonic range from
about 2-6 with the dashed curve shown. This correspon-
dence implies the following relationship between the change
in heat-transfer coefficient and pressure from Eq. (4):

The prediction from Eq. (5) is compared with experimental
measurements in Fig. 2. The agreement is satisfactory, even
in the hypersonic flow regime where the prediction might not
be expected to agree as well by inference from Fig. 3. This
may be partly due to the smaller increase in the group
(peUe)2/(peUe)i[(Te2/Tei)Y14 across shock waves than the cor-
responding isentropic flow values when the shock waves are
stronger, i.e., Ap/p ^ jMa. For example, for isentropic
flow in the hypersonic limit Me -> °°, [(pu/poa*)][(T/T0)]sl4i

a[(p/po)]n where n = 1/7 + (f)(7 - 1/7) = 0.93 for 7 =
1.4. Also, it could be associated with the correction for com-
pressibility effects as contained in Eq. (2) that partially led to
the T3/4 dependence in Eq. (4). This correction may be too
large in hypersonic flows, e.g., in Eq. (2) as Me -> °o y (Te/Taw)

For compression corners, Markarian10 has shown some re-
sults of other investigations in the representation of Fig. 2.
Although there is some uncertainty in the structure of the
boundary layer just upstream of the corner for some of the
data, i.e., transitional or just turbulent in these external flows,
and in the resolution of the peak heat transfer downstream,
the results do appear to agree with the indication of Eq. (5),
as also do the present results obtained with a curved compres-
sion corner (Fig. 2).
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Turbulent Boundary-Layer
Computations Based on an

Extended Mixing Length Approach

Y. Y. CHAN*
National Aeronautical Establishment, Ottawa, Canada

IN the recent development of computational methods for
turbulent boundary layers1-2 PrandtFs mixing length

concept is again widely used to correlate the turbulent shear
stress to the local mean flow of the boundary layer. In the
methods of Patankar and Spalding,3 Beckwith and Bush-
nell,4 and Pletcher5 the mixing length is correlated to the local
thickness of the boundary layer and the correlation function
for flow passed a flat plate is usually assumed for general uses.
The drawback of these methods is in that the flat plate correla-
tion represents a reasonable approximation only for flows
with moderate pressure gradients,6 but is not necessarily
true for flows with large pressure gradients, especially for
adverse pressure gradients. By directly relating the mixing
length to the mean flow, these mean-field methods do not
consider the development of the turbulent field explicitly
and thus are not very successful in predicting highly non-
equilibrium flows. In the method of McDonald and Cama-
rata,7 these shortcomings are overcome. The mixing length
is no longer correlated directly to the mean-flow field of the
boundary layer, but is calculated by the integral turbulent
kinetic energy equation, thus the history of the turbulent
state is considered explicitly and the mixing length correla-
tion is allowed to vary as the turbulent boundary layer de-
velops. This method is similar to the approach of Bradshaw
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Fig. 3 Comparison of turbulent shear stress distributions
at x = 20 in.

et al.8 with the exception that by using an integral formulation
of ~ the turbulent kinetic energy equation, the pressure-
velocity diffusion process is eliminated and an assumption
as to the distribution of mixing length across the boundary
layer is made. For an integral formulation, it is necessary
to assume velocity profiles in the process of solution. The
integral properties of the boundary layer that are evaluated
directly from the resulting velocity profiles are predicted
satisfactory. However, the turbulent shear stress that is
related to the square of the derivative of the velocity profile
and thus more sensitive to the profile shapes is predicted with
less accuracy. This is because the assumed velocity profile
may not reproduce the actual distribution of velocity close
enough. The resulting poor prediction of the turbulent
shear stress can readily be improved if the equations of the
mean-flow field are solved in their differential forms. The
velocity distribution will then be a part of the solutions and
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Fig. 2 Comparison of turbulent shear stress distributions
at x = 12 in.

the accuracy will depend only on the assumed model of the
turbulent state. In addition this differential formulation
will allow us to assess the extended mixing length concept by
comparison with other differential methods with different
models for the turbulent shear stress.

This differential formulation is carried out in detail in
Ref. 8 and a brief description of the computation technique
and some results are given herein. The two-dimensional
boundary layer equations of an incompressible flow are
transformed in terms of a stream function

[(1

where the coordinate transformation is

d£ = (ue/v)dx, drj = [ue

and the nondimensional velocity component

(1)

The boundary conditions are as follows

/7?(£>0) = 0, /(£,0) = 0 with zero injection or suction

/„ -» 1 as ti -> oo

The eddy viscosity eT is defined by the relation

— p[u'v'] =

Equation (1) with the boundary condition is solved nu-
merically by an implicit finite difference method. The equa-
tion is linearized in a form suitable for an iterative calcula-
tion9 as

[(1 +

where F

+

and

The superscripts (p) and (p — 1) denote the order of the
iteration process. The equation is now of second order and is
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solved for the function F. The derivatives and integration
in the 77 direction are expressed by three point difference
formula, the derivative in the £ direction is approximated by
a forward difference and the function F is written in terms
of the values of two adjacent points in the £ direction as

F = \Fiti+1 + (1 - \)Fitj

where X is a weighting factor which can be suitably adjusted
for improving the convergency of the iteration scheme. Then
a system of linear algebraic equation results and can be solved
by an elimination method.

Close to the wall, van Driest's laminar damping for the
laminar sublayer is assumed. Thus the mixing length vari-
ation for the sublayer is

I = 0.41y[1 - exp(-y/A}] (2)

where

A = 26Kp/rmax)1/2

The Tmax is the maximum shear stress occurred in the laminar
sublayer.9 The mixing length is assumed to increase mon-
otonically to a constant value in the outer portion of the
boundary layer. A scaling length that can be related to the
value of mixing length in the outer portion of the boundary
layer, is computed from the integral turbulent kinetic energy
equation. The turbulent energy equations in integral form
is7

which can be related to the turbulent shear stress by the
assumptions

and integrated to yield

t =
PeUe*<l>l

eH(t>i\ + 2k f* peu*&dx\
J X0 J

(3)

with

where t is the scaling length which is proportional to the value
of mixing length at infinity. With the assumed form of mix-
ing length distribution across the boundary layer, Eq. (3)
provides the means to compute the state of turbulence re-
quired in the momentum equation and thus forms a part in
the iteration process of the computation. The empirical
quantities are chosen as

k = 0.15, L/d = 0.09 tanh(4.56?//5)

l/t = tanh(0.4l2//0

based on correlations of experimental data7-9-12 and the scaling
length t is related to the mixing length at infinity.

The example given in Ref. 7, Goldberg's experiment case
3,11 is recomputed by the present formulation and some re-
sults are given herein for comparison with those of Ref. 7. In
this experiment, the boundary layer is driven by a steep ad-
verse pressure gradient close to separation and then recovered
by removing the pressure gradient. This highly non-
equilibrium case provides critical tests to the adequacy of the
prediction method. In the present computation, all com-

puted integral properties agree very well with the experi-
mental data and the details are given in Ref. 9. As the pre-
diction of velocity profiles and the distributions of turbulent
shear stresses are emphasized in the present formulation, only
these results are shown herein. Figure 1 shows the com-
puted velocity profiles in comparison with experimental data
at two stations along the body and good agreement is ob-
tained. The turbulent shear stress distribution at x = 12 in. is
shown in Fig. 2. The result calculated by Nash12 using
Bradshaw's theory is also shown in the figure, and is con-
sidered to be more accurate as in his formulation, the turbu-
lent energy equation is solved in its differential form. Thus
the turbulent diffusion process which does not appear in the
integral form of the equation, is fully considered and in
addition, the assumptions as to the distributions of some
fluctuating quantities are also avoided. At this station, the
present result is slightly lower than that of Nash's and im-
proves greatly on that of Ref. 7. A similar comparison at
x = 20 in. is shown in Fig. 3. The present result agrees very
well with that of Nash's and again improves on the result of
Ref. 7. The experimental data are consistently lower than
the predicting results as also noted by Nash.

In concluding, it is shown by comparison with experi-
mental data and other theoretical results that the present
differential formulation in cooperating with the extended
mixing length concept originated by McDonald and Camarata
provides an accurate method of computation for turbulent
boundary layers in an incompressible flow with strong
pressure gradients. Although the present differential tech-
nique is more involved in computation than the integral
method of Ref. 7, this disadvantage is offset by the higher
accuracy of the predicting results, especially for the dis-
tributions of mean velocities and the turbulent shear stresses.
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